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This primer is designed to provide an overview of many basic concepts and properties of

linear matrix algebra as briefly as possible; i.e. proofs are left to the reader.
Definitions and algebra

A matrix is a rectangular array of numbers (real or complex) arranged in horizontal rows
and vertical columns. We shall denote matrices by boldface capital letters, such as A, and
the entries (elements) of the matrix by lowercase letter with subscripts, such as a;;, where
the first index (¢) increments down rows, and the second index (j) increments out columns;
we may also refer to A as [a;;]. The entries for i = j are called the main diagonal, and
matrices having only non-zero entries on the main diagonal are called diagonal. Summing

the diagonal entries of a matrix gives the trace: tr(A) = > " | a;.

The order (or size) of the matrix is m x n (“m by n”), where m is the number of rows,
and n is the number of columns; the shorthand notation A ~ m x n will be used. Matrices
with the same number of rows and columns are square. A special square matrix called the
identity matrix (I) is a square, diagonal, matrix having only ones along the main diagonal.
Whenever “0” appears it is understood that this is a matrix of the appropriate size having

all entries equal to zero.

Vectors are matrices with only one row or column; here vectors will be denoted by bold
lowercase letters (e.g. x). A column vector with m elements has order m x 1 and a row
vector with n elements has order 1 x n. The transpose of A, AT has rows and columns
interchanged; i.e., the first row becomes the first column, the second row becomes the second
column, etc. For complex matrices, the Hermitian transpose of A, A¥ is obtained by
taking the transpose and complex conjugate of each matrix element. In the case where only

complex conjugation is required (no transpose), an overbar will be used (e.g. A)



Addition and subtraction
Matrix addition and subtraction proceed element-wise: A+ B = [a;; + b;].

These operations are both associative: (A+B)+C = A+ (B+C)
and commutative: A+ B = B+ A

Matrix multiplication

Given matrices A ~ m x n and B ~ n X p, their product AB gives a matrix C ~ m X p,

whose elements are defined by
Cij = Zaik bij (1)
k

that is, a sum over element-by-element multiplication of the ¥ row of A by the j*" column

of B.

Matrix multiplication is associative: (AB)C = A(BC)
and distributive: A(B+C) = AB+ AC
but, in general, not commutative: AB # BA
transposition: (AB)" = BTAT

Multiplication of a matrix by a scalar simply multiplies every element of the matrix by the

scalar, and is commutative (kA = Ak).
Matrix inverse

B is an inverse of a square matrix A if AB = BA = I. A matrix that has no inverse is
called singular, and one that does is called nonsingular. The inverse of a non-singular

matrix is unique.

(AB)™' = B'A™! (2)
(AT)h = (A7) (3)

Woodbury Formulae (A ~nxn;U~nxk;C~kxk;V~kxn)
(A+UDV) ! = A7l A 'UD '+ VAT'U) IVA! (4)
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DV(A +UDV)™! = (D' + VA'U)"'VA™! (5)
Specific application: A — R;D — B;U — H;V — H"

BH'(HBH' +R)™! = (B' +H'R'H)"'H'R ™ (6)
Determinants
The determinant of a square matrix is a scalar. For a 2 x 2 matrix, det(A) =] A |, is
e = Q11Q22 — Q12021 (7)
Qg1 G22

In general, determinants of n X n square matrices larger than 2 x 2 may be obtained by

reduction to the 2 x 2 form through

n

det(A) = Y (1) ay; det(Ay). (8)

j=1
Here A;; is the (n — 1) x (n — 1) matrix that results from removing the first row and ;"

column from A.

Properties:

o If det(A) # 0, then A is nonsingular.

e If any row or column of A is zero, then det(A) = 0.
o If two rows of A are equal, then det(A) = 0.

o det(AB) = det(A)det(B).

o det(AT) = det(A).

o det(A1) = det(A)™!, provided A™! exists.

e det(cA) = c"det(A) for scalar c.

Eigenvectors and eigenvalues

A nonzero column vector, X, is a right eigenvector of A, with eigenvalue, A, if
Ax = Ix. (9)

Rearranging (9) gives (A — AXI)x = 0, which has a non-trivial solution for x provided that

det(A — M) = 0. Expanding the determinant gives the characteristic polynomial of A,
det(A — M) = a\" 4+ ap NP4 - Fad+ag = 0. (10)
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The Cayley-Hamilton Theorem says that every matrix satisfies its own characteristic
equation:

an A" +ap, A"+ gy A4 a9 = 0. (11)

Left eigenvectors are defined by y?’A = Ay”. Note that the left eigenvectors of A are the

right eigenvectors of A”; therefore these vectors are also called the adjoint eigenvectors.

Properties:
etr(A) =" A
o det(A) = MAg--- A,
e Eigenvectors associated with unique eigenvalues are linearly independent.
e A matrix is singular if and only if it has a zero eigenvalue.
e If x and )\ are an eigenvector—eigenvalue pair for A, then x and A\~! are an eigenvector—
eigenvalue pair for A=1.
e The cigenvalues of AT are the same as for A.
e Therefore there are left and right eigenvectors of A that share the same eigenvalue.

e Left and right eigenvectors are orthogonal: y!x; = 0, for i # j.

Matrices A and B are similar if there is an invertible matrix, X so that
A =XBX L (12)

An important special case involves diagonal B, which means that X diagonalizes A. In this
case, X is the eigenvector matrix of A, which has as column vectors the right eigenvectors
of A. By the properties outlined above, this means that X! is the transpose of the matrix
of adjoint eigenvectors, Y7, where the columns of Y are ordered so that the i*" column of X
and Y share the same eigenvalue. Then B has the eigenvalues of A along the main diagonal,
ordered so that they correspond to the appropriate columns of X. This shows that if A has

a zero eigenvalue, then it must be singular.

Functions of matrices It turns out that the Cayley-Hamilton Theorem can be used to

evaluate arbitrary functions of matrices. The result is

f(A) = aA" + ap A" P+ A4 ap = 0. (13)



The coefficients a; may be determined by:

(i) In (13), replace the lefthand side by r()\) and on the righthand side A7 by M. There is
one such equation for each eigenvalue.

(ii) Solve the n equations for the n unknowns (a;).

(iii) Substitute the a; into (13).

Note that if A has repeat eigenvalues, additional steps must be taken to obtain a unique

solution.

A function that comes up frequently is ezp(A t), which may be evaluated from the similarity

transformation of A using its eigenvectors, E, and diagonal matrix of eigenvalues, A:
At = EAE 't (14)
The matrix exponential may then be evaluated from

exp(At) = ETE ™!, (15)

where T is a diagonal matrix with diagonal entries given by t; = e,

A matrix square root is a matrix, X, such that
XX = A. (16)

If A and X are positive semidefinite (see below) then X is unique. Further insight may be
gained by noting that any positive definite matrix may be expressed as A = LL*” (Cholesky
factorization), and any matrix may be expanded in a singular value decomposition (SVD;

see below); i.e. L = USV?. Direct substitution gives the square root of A: X = USU7.
Differentiation

Derivatives of matrices by scalars, and integrals of matrices, proceed by operating on each
element of the matrix individually. Differentiation of scalars, vectors, and matrices, by
vectors and matrices, is more complicated. Here we consider only differentiation by vectors
since this comes up more often in practical applications. First we must define what we expect
by derivatives in terms of the shapes of the resultants; these are not unique and the tranpose

of these relationships is sometimes defined (both are self consistent).
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Definition 1 (f scalar; x ~ n x 1 vector):

- oy
dz1
of
o1 = | o= (17)
ox :
of
L Oz, J
Definition 2 (x ~ n x 1 vector; y ~ m x 1 vector):
[ w2 . Oym ]
(9331 81‘1 8$1
0 0 dym
ox :
Oy Oy2 .. Oym
L Oz, Ozn (o
These definitions yield the following relationships.
fscalar, x ~nx1l,y~nxl,z~mx1,A~mxn B~nxn
9
f=xty 2=y
0
f=y"™x YL=@uy"H)T=y
f=x'x %:x—l—(xT)T:QX

f=x"Bx %ZBX—F[XTB]T:BX—FBTX
[=x'By ¥ =By+[x'Bf{] =By+(}) B'x
f=yBy %=(%) By+[y'BY] = (%) By+ (%) BTy

Vector Spaces

Vector spaces are defined by sets of vectors that obey the basic algebraic operations described
in the first few pages of this primer (addition, subtraction, multiplication, etc.). A subspace

is some subset of a larger set of vectors that is also a vector space. A set of m vectors

x; = {x1,...,X,} is linearly independent if the only coefficients that satisfy the equation
a1X] + GoXg 4+ -+ apx, = 0 (20)
are a; = ---a, = 0; i.e. there is no way to scale and add the vectors to get zero. Note that

if a set of vectors is linearly independent, then any subset of those vectors is too.
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The span of a set of vectors is the set of all possible linear combinations of these vectors,
and this is denoted by span{x,...,X,}; we often refer to this set of linear combinations
as “the space spanned by” the vectors {x;}. For example, in a three-dimensional Cartesian
coordinate system, the unit vectors along each coordinate axis span the entire space—every
point in the space is “reachable” by scaling and adding these vectors. Such basis vectors
may be defined for any set of vectors space by the smallest subset of vectors that are linearly
independent and span the space of the full set. The dimension of the space is then given

by the number of basis vectors.

The range of an m x n matrix A, ran(A), is defined by all vectors y such that
Ax = Yy, (21)

for a vector x in a vector space. This mapping is one-to-one if for every y there is a

unique x. If the column vectors of A are written as the set {xi,...,x,}, then ran(A) =

span{xy,...,X,}.
Similarly, the null space of A, null(A), is defined by
Ax = 0. (22)
The rank of a matrix is defined by
rank(A) = dim(ran(A)). (23)

Note that rank(AT) = rank(A), and dim(null(A)) + dim(ran(A)) = n. A is rank
deficient if rank(A) < min{m,n}.

Inner products and norms

The inner product between n x 1 column vectors x and y is
r=(x,y)w = x"Wy. (24)

Here, W is the n x n Hermitian matrix that defines the inner product; the result, r, is scalar.
For W =1 this is the vector dot product, which gives the fraction of x in the direction of y.

If » = 0 the vectors are orthogonal. Note that orthogonality depends on the chosen
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inner product, as defined by W!' When W = [, the norm is called the Euclidean (or
Frobenius) norm, which is the sum of the squared values; if the mean value of the entries
in the column vectors is zero, then r gives the variance in the chosen coordinates. Note
that we may always re-express the inner product in term of the Euclidean norm by changing

coordinates through the linear transformation
x = W/, y = W2y (25)

This point is crucial: a choice of inner product is equivalent to a choice of coordinates.

Properties:

e (Xx,X)w > 0 for x # 0. The inner product is only zero for x = 0.

o (X, ¥)w = (¥, X)w-
e Distributive rule: (x+y,z)w = (X,2)w + (¥, 2)w-
e Schwarz inequality: |(x,y)w[* < [(x,x)w[* [(y,¥)w[*.

Norms are used to measure the “size” of vectors and matrices, and are denoted by || - ||
They must satisfy the the following properties:

i) IX[f = 0.

i) |X = 0 iff X = 0.

) X+ Y| < X+ Y]

(
(
(iii) ||eX|| = |e]|X]| for any scalar c.
(
(v) IXY]| < [IX[11Y]]

Inner products are often used to define norms, and the most common is the Euclidean norm,

based on the Euclidean inner product:

x|l = [(x. %)) = [x"x]"*. (26)
Special matrices
The adjoint of an m X n matrix A is an n X m matrix A* defined by
(%, Ay)w = (A%, ¥)w, (27)
for all m x 1 vectors x and all n x 1 vectors y. The adjoint matrix is given by
A= WA W. (28)
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In the limiting case of W =1, A* = A¥. A matrix is self adjoint if A* = A; A must be

square.

A Hermitian matrix satisfies: A = A¥: real matrices that satisfy A = A7 are symmetric.

These matrices have real eigenvalues and orthogonal eigenvectors.

A normal matrix satisfies: AA” = A”A. These matrices also have orthogonal eigenvec-

tors.

A unitary matrix satisfies: A~! = A¥. These matrices are also normal. The columns of a
unitary matrix form an orthonormal basis. The eigenvalues of a unitary matrix are complex

numbers satisfying satisfying [A| > 1.

An orthogonal matrix is a real matrix that satisfies: A= = AT, Orthogonal matrices are

also unitary.

A positive semidefinite matrix is a Hermitian matrix that satisfies: (Ax,x) > 0; if the

inequality is greater than zero, the matrix is positive definite.
Singular value decomposition (SVD) and the generalized inverse

Any real m x n matrix may be decomposed as (SVD):
A =USVT (29)

where U(~ m x n) and V(~ n x n) are orthogonal matrices, and S(~ n x n) is a diagonal
matrix, with values o; along the main diagonal; the o; are called the singular values of A.
Let u; and v; be the column vectors of U and V, respectively. u; and v; are called the left

and right singular vectors of A, respectively, and they satisfy
AVZ' = o;U; ATui = 0;Vj. (30)

If A has r non-zero singular values (o) then:
o rank(A) =r.
o null(A) = span{v,i1,...,Vn}.

e ran(A) = span{uy, ..., u,}.



r
o A = E aiuiviT.
i=1

,
o |A|? = ZO’? for the Frobenius norm.
i=1
n
o det(A) = H Sii, S0 the determinant is zero if there exists one zero singular value.

i=1

So if A is n X n square with n non-zero singular values, then A has no null space.

Note also that (29) leads directly to the following eigenvector problems:

o(ATA)V = VS2

o(AATYU = US>

In both cases the matrix in parenthesis is symmetric, and therefore has real eigenvalues and

orthogonal eigenvectors.

One very important application of SVD involves the inversion of a matrix. In particular, it
generalizes the concept of a matrix inverse beyond nonsingular square matrices to non-square
matrices, and even singular square matrices! (29) leads directly to the generalized inverse

(pseudoinverse) for any matrix:
Al = VSUZ, (31)

where S is a diagonal m x n matrix with the first r values along the main diagonal given by

the inverse of the non-zero singular values o; '; the other values zero.
QR decomposition
Any m x n matrix (m > n) can be factored as
A = QR (32)

where Q is a m X n unitary matrix and R is an n x n upper triangular matrix. If A is real,
then Q is orthogonal. This decomposition is useful for computing Lyapunov vectors, and is

also related to the determinant of a matrix as follows:

det(A) = det(Q)det(R)
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